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We give a p-adic proof of a certain new relation between the Bernoulli numbers 
B, , similar to Euler’s formula xTIS* (y) B,B,-, = -(m + l)B, , m > 4. 
W. Johnson [3] gave p-adic proofs to several classical congruences for the 
Bernoulli numbers B, . In the present paper, by using his method and an 
expression of the Fermat quotient modp2 in terms of the Bernoulli numbers 
& , B, ,..., BDel (Lemma I), we will prove a certain new relation between BI, 
(see Theorem below), similar to Euler’s formula (see [4, Chap. III, XII; 21) 
BkBm--L = -(WI + 1) B,, . n 3 4. 
Here we use the “even index” notation of [l]. 
THEOREM. 
m 3 4, 
where /3,., = B,Jk and H,,, = 1 + l/2 + .** + l/m. 
1. FERMAT QUOTIENTS AND BERNOULLI NUMBERS 
Letp be a prime number 37 and qn the Fermat quotient: qa = (an-l - 1)/p 
for 1 <a <p- 1. 
The following Euler-Maclaurin summation formula (see [l]) is a starting 
point of our problem. 
form,n~l,whereBO=land5’,(n)=lm+2”+~*~+(n-1)”. 
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By using (1) and Staudt’s theorem (see [I]), we obtain the following 
LEMMA 1. 
+ tap +(1 - a& + k3 (” T ‘) 3,ape1+ 
i=l 
+ g: ‘$: kj ( f )(’ 7 “) BkBjaP-ii--l] p (mod p”) 
for 1 < a < p - 1, where pe = aq, and ap = (1 + pB,-,)/p. 
Proof. By using the equality up--l = 1 + gap, we have 
h&) = (a - 1) + ($14n) P, 
for 1 < a < p - 1. On the other hand, by (l), 
(2) 
pS,-,(a) = up + pB,-,a + zl( i ) hap-‘. (3) 
By using the equalities a P = a + pap and pJ& = - 1 + a,p in (3), we 
obtain 
Equations (2) and (4) give 
(5) 
By Staudt’s theorem, 01~) Bk E Z, , and clearly (l/p)(E) E Z, , for 2 < k < 
p - 2. Here 2, denotes the ring of p-adic integers. Hence (5) implies 
qa = -up-’ i- (1 - a,) -- ::I i ( i) BkaP-k--l (mod p). 
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By using this congruence, we have 
a-1 U-1 
mp-2 + (1 - a&a - 1) 
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Now by (11, 
U-1 
Cm 
p-2 - 
m=l 
- .-& k2 (p J ‘) BjaP-l-j 
3=0 
and 
a-1 
1 m9-k--1 = 
WL=l 
& ‘Fe’ (p T  “) BjaP-k-j. 
J=O .I 
(7) 
(8) 
By using (7) and (8) in (6), 
z: qnr G ap + (1 - (Y& + k3 (’ f ‘) &P-l-j 
j=l 
+ gl ‘2: $$ (c)(” 7 “) BkBjUPek-j (modp). (9) 
By using (5) and (9), we have the assertion. 
2. PROOF OF THEOREM 
In the same way as the proof of Staudt’s theorem, by using (1) with y1 = p 
and the fact thatp’lj! = 0 (mod p4) forj >, 4 (see e.g., [3, Lemma]), we have 
the following 
LEMMA 2. (i) If m is even, then 
&(P) = P&n 
Moreover if (p - 1) r (m - 2), then 
&a(~> = P% 
(ii) If m is odd, then 
&a(P) = 0 
Moreover if (p - 1) 7 (m - l), then 
S,(p) SE 0 
(mod p”). 
(mod p3). 
(mod ~1. 
(mod p2). 
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Remark 1. The above Lemma 2 seems to be a well-known fact for the 
specialists. Weaker results than (i) and (ii) are stated in [l] and a stronger 
result than (i) is stated in [3]. 
LEMMA 3. If 4 < m < p - 3 and if m is even, then 
9-l 
I 
+ A Bbd + m - 1 
2 - cy p 2 i (mod ~“1, 
Proof. By Lemma 1, we have 
8-l P-l P-1 
aTl amq, = - a?1 am-l + (1 - ep> C a" 
lZ=l 
- 2; (z) Bit (2: ap-Din”1) + /CX~ 5’ am-l 
I a=1 
+ (1 - aP) ‘fl am + ‘f” (p f ‘) Bj (5’ aP--l--i+m--l) 
a=1 j=l lZ=l 
+ ~~~~~‘~~(~)(‘7k)B~B~(~~a~-“-~+~-l)ip (modp2). 
Inthiscongruence,4<p-kkm-l,p-1---j+m-l,p-k---j+ 
m-l <2(p- 3), and the three numbers are equal to p - 1 if and only if 
k = m, j = m - 1, and k + j = m, respectively. Hence by using Lemma 2, 
we have 
P-1 
1 am% = (1 - CX,>PB, + A( p ) 
a=1 
p m BmU - cw) 
- ;I ( ;) B&-k+m--l 
k#m 
- (i2 $$ (p)(L 1:) &B+x)~ (modp2). (10) 
Since 
P ---I ( ! m --p+; y+ P2 ( 1 (mod p3) i=l 
and 
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(10) implies 
D-1 
n-2 
t c $- mLh.+m-1 
k2 
k#rn 
+ t *zl a ( z ) 4&-k[ P (moW9. (11) 
By Kummer’s congruence, 
Bpdk+,-J(p - k $- m - 1) = B&(m - k) (mod PI, 
if 2 < k < m and if k is even. Using the congruence, we obtain 
On the other hand, it follows from the definition of BCnt) that 
(13) 
By (1 l), (12) and (13), we have the assertion. 
Remark 2. Lemma 3 is a generalization of [3, Theorem 31, under the 
assumption 4 < m < p - 3. 
LEMMA 4. Zf 4 < m < p - 3 and if m is even, then 
D-l 
1 amqn2 G 2(a, - 1) fl,, - A’“’ - cl’ (mod p). 
a=1 
302 HIROO MIKI 
Proof. In the same way as the proof of Lemma 3, by using Lemmas 1 
and 2, we have the assertion. 
Proof of Theorem. If m is odd, then both members are equal to zero, 
hence we may assume that m is even. Let p be any prime number such that 
p 2 m + 3, and let r)a be the unique primitive ( p - t)th root of unity in Z, 
such that Q = a (modp) for 1 < a ,< p - 1. Then we see easily that 
77a = 41 + 4aP + 4aPZ) (mod P”) 
for1 <a<~--l.Hence 
-qa” = urn + (m@q,)p + ( m(m2- I) Pqa2 + magqa 1 p2 
(mod p3). 
Since Czli varn = 0, we have 
9-l 
+ m C umq, 1 p2 = 0 (mod p3). 
LX=1 J 
By using this congruence, Lemmas 2, 3, and 4, we have 
AMa) _ p) - 2H,fim = 0 (mod P). 
Since the left member is independent ofp, we have the assertion. 
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